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Abstract In this communication we study a superposition of two finite dimensional pair
coherent states. We show that such states possess inherent nonclassical properties such
as sub-Poissonian distribution, anti-correlation between the two-mode and violation of
Cauchy—Schwarz inequalities. The s-parameterized characteristic function (CF) is consid-
ered. Furthermore, the phase distribution in the framework of Pegg and Barnett formalism,
W-function and Q-function are discussed. General conclusions reached are illustrated by
numerical results.

1 Introduction

The study of the nonclassical states of light has recently attracted renewed attention because
of the key role they may play, beyond the traditional realm of quantum optics, in research
fields of great current interest, such as laser pulsed atoms and molecules [1]; Bose—Einstein
condensation and atom lasers [2, 3]; and quantum information theory [4, 5]. The simplest
archetype examples of nonclassical states are of course number states, whose experimental
realization is however difficult to achieve. Moreover they share very few of the coherence
properties that would be desirable both in practical implementations and in fundamental
experiments. The most important experimentally accessible nonclassical states are the two-
photon squeezed states [6-9]. They are Gaussian, exhibit several important coherence prop-
erties, and can be obtained by suitably generalizing the notion of coherent states [8]. The
coherent state has become a useful and necessary tool for treating ideal boson fields sub-
jected to external pumping sources. Although any quantum state can be described in terms
of the coherent states due to their resolution of unity, the coherent states themselves are clas-
sical states in which nonclassical effects such as antibunching, squeezing, etc. cannot occur.
A generalized class of the conventional coherent state called the nonlinear coherent states or
the f-coherent state [11, 12] has been constructed.
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On the other hand, pair coherent states (PCS) are regarded as an important type of corre-
lated two-mode states, which possess prominent nonclassical properties. Such states denoted
by |&, q) are eigenstates of the pair operator (&13) and the number difference (1, —n1;,) where
& and b are the annihilation operators of the field modes and /i, = a'a and 7, = b'h. These
states satisfy

able,q) =E|E,q) and (A, —Ay)IE, q) =ql&, q). ey

The experimental realization of such nonclassical states is a practical importance. Agarwal
[13, 14] suggested that the optical (PCS) can be generated via the competition of 4-wave
mixing and two-photon absorption in a nonlinear medium. Another scheme has been sug-
gested for generating vibrational pair coherent states via the motion of a trapped ion in a
two-dimensional trap [15].

An ion confined in an electromagnetic trap can be regarded as a particle with quantized
center-of-mass motion in a harmonic potential. Exciting or deexciting the internal atomic
states of the trapped ion by a classical laser driving field changes the external states of the
ion motion, as atomic stimulated absorption and emission processes are always accompanied
by momentum exchange of the laser field with the ion. If the vibrational amplitude of the
ion is much smaller than the laser wavelength, i.e., in the Lamb-Dicke limit [16, 17], and
the driving field is tuned to one of the vibrational side-bands of the atomic transition, then
this model can be simplified to a form similar to the Jaynes—Cummings model (JCM) [18]
in which the quantized radiation field is replaced by the quantized center-of-mass motion
of the ion. As the coupling between the vibrational modes and the external environment is
extremely weak, dissipative effects which are inevitable from cavity damping in the optical
regime, can be significantly suppressed for the ion motion. This unique feature thus makes
it possible to realize cavity QED experiments without using an optical cavity. Following this
approach, nonclassical vibrational states of the trapped ions such as Fock [19, 20], squeezed
[21] and Schrodinger cat states [22] have been proposed and observed [23].

On the other hand, the finite dimensional PCS has been studied recently by [24, 25] as

. . JUPN + (gt
the eigenstate of the pair operators (a'h + <:‘1(q(+§)‘1

operators for the two modes (O =iy + fip). namely:

) and the sum of the photon number

(&Tl; §q+l(&l§1‘)q

@) >|£,q> =<1t q),

2)
01¢,q) = qlt. q),

where the parameter ¢ is a complex variable while the parameter ¢ is an integer. The state
takes the form,

C,q) =N, Y ¢" “lg —n,n), 3)

n=0

in the two mode states |n,, n,) = |n,) ® |n,), where |ny) is the Fock state for the mode s
(s = a or b) and the normalization constant N, is given by

q'n!

L=’ .
Ny=[> Il =(Fo(—q,—IZP)7, “

n=0
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where | Fy is a generalized hypergeometric function. In the present communication we de-
velop this idea and introduce a superposition of two finite dimensional PCS. The correlated
two-mode states |, g, ¢) are defined as superposition of two finite dimensional state sepa-
rated in phase by .

where the normalization constant N, is given by

NI'—

Ny = 1+N2cos¢Z( 1" |g|2"(q )} . 6)

1
ﬁ n=0

It is easy to verify that the states |¢,q,¢) are eigenstates of the operator @b +
+1
w)2 with eigenvalue ¢2. In this contribution we focus on the two special cases of

0] (namely ¢ =0 and ), the general form can be rewritten as follows:

1441
(g —2n—j)! . .
&) =Ny L Sy 1 g 2,
n=0
@)
14541

Z |{|4n+21(q .])' _]=0 1
n=0 '(2n+J)' ’ o

Now we discuss some statistical properties of these correlated two mode states of (7).
The results that we are going to present stem from a new approach to the superposing of
the finite dimensional state. Subsequently we shall examine the sub-Poissonian distribution,
The behavior of the phase distribution in the framework of Pegg and Barnett formalism, the
Wigner function the Q-function of the state (7) are discussed.

2 Sub-Poissonian Distribution

We devote in the present section to consider an example of the nonclassical effects that
is the phenomenon of sub-Poissonian distribution. This phenomenon can be measured by
photon detectors based on photoelectric effect. The importance of the study comes up as
a result of several applications, e.g. in the gravitational wave detector and quantum non-
demolition measurement, which can be generated in semiconductor lasers [26] and in the
microwave region using masers operating in the microscopic regime [27]. It is well known
that, sub-Poissonian statistics is characterized by the fact that the variance of the photon
number ((A#;(t))?) is less than the average photon number (&iT (t)a; (t)) = (n;(¢)). This can
be expressed by means of the normalized second-order correlation function [28] as follows.

(¢, qla. (i, — DIg, q);

g2 = , Vz=a,b ®)
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where
j({vqlﬁa(ﬁa_l)k‘sq)j
(51 o) :
o [ (g — 2n — j)! . .
=N2; Y oty 4T Dg ===,
. ©
(¢, qlny(ny — DIE, q);
q—J
2 4n+2j .
[¢]"7T (g — 2n — j)! . .
=Ny Sk pan -,
and
s (& (g 2
i\G» i ) i =N, : —2n—j )
i€, qlnals, q); =N, Z 2t ) (g —2n—j)
_ (10)
& 2 g — 20— !
e qlivlg.q) =N ;Y Qn+ j).

q!'2n + j)!

n=0

The function gf) (¢) given by (8) for the mode z serves as a measure of the deviation from
the Poissonian distribution that corresponds to coherent states with g2 (¢) = 1. If g (¢) <
1 (> 1), the distribution is called sub (super-)Poissonian, if g!* () = 2 the distribution is
called thermal and when gf) (¢) > 2 it is called super-thermal.

In Fig. 1(a), the second-order correlation function g§2> (¢) given by (8) for ¢ taking odd
numbers is plotted against || for ¢ = 3,5, 7 there exist two cases. The first case when
we take j = 0, this figure exhibits the very striking quantum nature of the generated field.
For the first mode, we find that the distribution function starts to be sub-Poissonian
¢@(0) < 1 at small values of |£| which is started from qq;l, but for increasing of the pa-

rameter ¢ the function g'»(¢) reaches a super-Poissonian distribution (g (¢) > 1) as ap-
pearing in Fig. 1(a). For the second mode at some value of |{| the state with j = 0 becomes
super-thermal (g,(,z) (0) > 2) while the state with higher values of ¢ the distribution becomes
sub-Poissonian. Thus when we take the limits as ¢ — oo we get these limit g,(f)(g) = qu
see Fig. 1(b).

The second case when we take j = 1. In this case we find larger changes occurring
in the shape of the curve for the function g!®(¢). For the first mode the function g (¢)

Fig. 1 The sub-Poissonian PR
distribution as a function of |¢|,
j =0. a For mode a, b for mode
b, where the solid curve for

q =3, the dotted curve for g =5
and the dashed curve for g =7 s

L=]
[
—
(=4
—
A
<
T
(=]
—
[



2820 Int J Theor Phys (2007) 46: 28162828

Fig. 2 Same as Fig. 1 but j =1

Fig. 3 The cross correlation
between the two-mode as a
function of |¢|, j = 0 where the
solid curve for ¢ = 3, the dotted
curve for ¢ =5 and the dashed
curve forg =7

4

starts with sub-Poissonian distribution. For higher values of |¢| the function g‘¥(¢) be-
comes super-Poissonian and super-thermal as observed in Fig. 2(a). For the second mode
the function gf)(f) starts from 0, by increasing of the parameter |¢| the function reaches
to super-Poissonian see Fig. 2(b). Increasing of || makes the distribution returns to sub-
Poissonian distribution. The limits as { — oo equal géz) ©)= =t

When ¢ takes even numbers, for the first and the second modes when (j = 0, 1) the
behavior is the same as the above case when (j = 1, 0) respectively, for the other parameters
fixed.

The cross correlation between the two-mode is given by

Acmss(;) :j<§vq|ﬁaﬁb|§7 q)j - j(g" qlﬁa|§7 q)jj(§7q|ﬁh|§a (1)/

If Agoss 1S a positive quantity, this means that the modes are correlated, while anti-
correlation amongst the modes occurs when A iS negative values. In Fig. 3 the cross
correlation function A (¢) is plotted against |¢ | for ¢ =3, 5, 7. From the figure the func-
tion A oss(¢) is negative and the nonclassicality behavior is demonstrated by increase of the
parameter q.

3 Cauchy-Schwarz Inequality Violation

The Cauchy—Schwarz inequality [29] is defined as

(. qlhaia — DI, q); (8. gl — DI, q); = (8. qlAaib|T, q. )3 (11)
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We shall examine the scaled Cauchy—Schwarz inequalities in the superposition of the finite
dimensional PCS which determined by

e, qliaa — DIC, q); (¢, qliy(y — DIC, q);
— : : (12)
(8 qlhann|t, g,

Fab(g) =

The inequality (11) is violated if the function F,, is less than unity. For that purpose we need
to calculate the expectation values appearing in (12). Those in the numerator were already
known from (9) and those in the denominator are calculated to be generally for j =0, 1.

q9=J
[

(€. qliaiy|C.q); = N7

n=0

Ne 2 (g — 2n — )1
q!2n+ j)!

(g —2n—j)2n+j). (13)

The Cauchy—Schwarz inequality for the finite dimensional pair coherent state is clearly
seen in Fig. 4 for the two modes (a, b). Where ¢ = 3, 5,7 and for case j = 0, partial vi-
olation starting from non-zero for short interval of || and full violated after short interval
(a partial violation means that F>3 > 1 at small |¢| and then becomes less than unity for large
|¢]). As the parameter |¢| increases the function F,;,(¢) reaches zero as in Fig. 4(a). For
J =1 full violation starting from zero, after short interval the function F,;(¢) becomes par-
tially violated as observed in Fig. 4(b). The second case when ¢ takes even number namely
(g =4,6,8). For j =0 we see that all curves do not suffer violation and they never reach
unity see Fig. 5(a). While j = 1 the function F,;,(¢) shown full violation starting from zero,

110 ] [ i
| L
| ]l !
14 {‘]I, .............. 1 P S ./[ / ________ 1
i iy
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Fig. 4 F,, as a function of |¢[, a for fixed j = 0 and the solid curve for g = 3, the dotted curve for ¢ =5
and the dashed curve for ¢ =7, b same as (a) but j =0

Fig. 5 Same as Fig. 3 but the 57 vy 1 37
solid curve for g = 4, the dotted \\ / I|
curve for ¢ = 6 and the dashed i '1 |
curve for g =8 101 I'|| : J'I
L Ir'l |
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as the parameter || progresses the function F,,(¢) shows partial variation. After short in-
terval the behavior returns to full violation and the function F,;(¢) reaches zero as observed
in Fig. 5(b). The violation is stronger (weaker) at small || (large |¢|)-region. However, the
variation depends on the parameter ¢ for small values of ¢ the function F,;(¢) almost less
than unity. But for larger values of ¢ the function F,;(¢) shows partial violation.

4 Phase Properties

In this section we shall discuss the phase distribution for the present states. For this reason
it is convenient to use the phase distribution formalism introduced by Barnett and Pegg
[24, 25, 28, 30-35]. It is well known that the phase operator is defined as the projection
operator on a particular phase state multiplied by the corresponding value of the phase.
Therefore one can find that the Pegg—Barnett phases distribution function P; ,(01, 6,) is
given by [33-35]:

N, |? . , —2n— j)i(q —2m — j)!
P 4(01,6,) = ! Zfznﬂf*zmﬂ (g—2n J.) q — 2m - /)
(2m)? — q'Cn+ jlg'Cm + j)!
x explil(q —2n —j) = (¢ =2m — )16y +i(2n —2m)6s].  (14)
Therefore the phases distribution function can be written as
NP mij [@=2n= |
Pey(01.62) = 5055 ;c g Celiel . —w=ésw (15

with 6 = 6, — 6y, which is normalized according to [*_ [" P(6y,6,,¢)d6;d6, = 1. Due
to the correction between the two modes, the phase distribution depends on the difference
between the phases of the modes. In the figures we plot P; ,(6) against the angle 6 =6, — 6,
for different values of the parameter ¢ and |¢]|.

Generally for very small (large) values of |¢| the state (7) almost represents a Fock state
and hence the information about the phase is lost. As |¢| increases partial coherent phase
states result and the phase distribution shows a thee-peak structure. These peaks is centered
around 6 = 0 and the distribution is symmetric around the central peak. For ¢ = 3, plotted

Fig. 6 The phase distribution P(6) as a function of 8 and a j =0, the solid curve for { = 3 and the dotted

0.06 . 0.15 :
0.04 P ™\ A 0.1 * ::, 4
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’ \\ .lé" ‘\\ 'J{']" :, .: "\ .:
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curve for ¢ =5, b same as (a) but j =1
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in Fig. 6(a), it is observed that P; ,(6) starts at P; ,(—m) = 0.042,0.032 when [{| =3, 5
respectively. The maxima for the distribution at 6 = 0 decrease by increasing |{| = 3. In
Fig. 6(b) we take a large value for the parameter g (¢ = 10) and the same values of |¢|
(3, 5). We see that the function P; ,(0) starts at P(—m) = 0.056, (0.125) when [¢| =3, (5)
respectively. The maxima for the distribution.at & = 0 by increasing the value of |¢|. In
Fig. 6(b) we take larger values for the parameter g (¢ = 10) and the same values of |{|
(3, 5). We see that the function P; ,(0) starts at P, ,(0) = 0.056, (0.125) when |¢| =3, (5)
respectively. The maxima of the phase distribution are increased by increasing of the para-
meter || (see Fig. 6(b)). However this increase turns to a decrease for larger values of |¢].
The maximum value for P; ,(0) shifts to higher values of |¢| as ¢ increases.

5 s-Parameterized Quasiprobability Function

The QDF’s for a quantum state of a physical system are useful tools for investigating the
dynamical and statistical properties of a quantum mechanical system [36—54]. They include
the Glauber—Sudarshan P-function [10, 38], the Wigner W-function [36, 37] and the Husimi
Q -function [39, 40] which are closely related to the operator ordering in the mathematical
description of a physical system.

The s-parameterized characteristic function (CF) is perhaps one of the most well-known
important function in quantum optics, since it is the Fourier transformation of the s-
parameterized QDF. The s-parameterized CF for a single-mode field is defined by [44—46]

Ch,s) :Tr[ﬁﬁ(k)]exp<%|klz>, (16)

with ﬁ(k) is the displacement operator given by ﬁ(k) =exp(Aat — A*a), and A = |A|e™.
Here, s is ordering parameter where s = (—1) 1 means (anti-)normal ordering and s = 0 is
symmetrical or Weyl ordering [44-46].

The s-parameterized quasi-probability function is the Fourier transformation of the s-
parameterized characteristic function

F(B,s)= i/C(k, s)exp(A*B — AB*)d*A, a7

72

where the real parameter s defines the corresponding phase space distribution. It is well
known that such a parameter is associated with the ordering of the field bosonic operators.

Since the finite dimensional PCS (7) is a two-mode state, thus the definitions (16), and
(17) have to be extended to two-mode case. The s-parameterized CF for the two-mode states
is defined as follows

A A s
C(r1, 22, 8) =Tr[pD(A1) D(22)] exp{ E(MI >+ I?»zlz)}. (18)
With the s-parameterized QDF for the two-mode case given by

1 2
F(Br. Bars) = (;) //C(Al,xz,s)

X exp(Ai B+ M Ba — MiBf — haf)d*hd* s (19)
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It is to be noted that formulae (18) and (19) are extensions of formulae (16) and (17) for
CF and QDF of the single mode fields.

We consider a phase space QDF for our states. To begin the state (7) will be written in
the form

1541

C.q)s =Y Bu(¢,q@)lg—2n—j,2n+ j), (20)

n=0

i (@ —2n—j)!

For the density operator p = |Z, g) (g, ¢| the s-parameterized CF has the two mode form.
Using (20) for the state (7) in the formulae (18) and (19), we get

(I-ys)
2

where

C(Al,xz,s>=exp“— ](|A1|2+|A2|2>}

%
(g —2n—))!
prd (g —2m —j)!

Q) o o
x (ZT—}—{/)' 3 231 J[|)\l| ]L%nJrjz [|)"2|2], (2])

where L7 (x) are associated Laguerre polynomials given by

%
Z B,(¢, 9) B, (¢, q)

m 1y
L;(x)=z<2j':> S o)
r=0 .
2 2 -2 2+ 2
F(B1, B2, 5) = (n(l S)) exp[ (“?11'_3)“32' )]
195411954

;2}14—];*2}714—] (q 2n — j)'
@m+ )

14

n=0 m=0

1+ ! 2n—2m 4|ﬂ1|2 2m—2n 4|:32|2
X <(1—S)> Lq—2n—j|:(1_sz)]L211+j I:(l_sz)] (23)

Note that in (21) and (23) there exist two associated Laguerre polynomials. For negative
values of (m — n) or (n — m) we are use the formula [55]

L% @) =(-2)" L@ (2).

(n+a)!
For visualization let us confine ourselves to a subspace determined by o = g [56], we
find that the s-parameterized QDF for our field states may be written in the following form:

2\ [—4
F(ﬁ’”=N‘3’f'<n(1—s>> > [ (lﬂl)}
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14+s\? 481 7,0 41817
X((l—s)) L"*Z"*f[(l—s2>}L2"”[<1—s2>]‘ 29

This formula gives the exact analytical expressions for the s-parameterized QDF for the
state (7). It is noted that, for the P-function, i.e., s = 1, special attention has to be paid
in performing the limit s — 1 [52, 53]. Originally the P function was introduced in an
alternative way independently by Glauber and Sudershan [38]. Recently, Wiinsche discussed
the nonclassicality of states defined by nonpositivity of the P-function [52, 53]. However
we shall not discuss this function here any further. Instead we concentrate on the other two
quasi-probability functions namely Wigner and Q-functions.

In Fig. 7 we plot W(B), i.e., s =01in (24) for j =1,¢ =5, and ¢ =4 and 5. It is clear
that (for g odd) the Wigner function has negative peak at the origin observed and oscillatory
regime around the main peak. The non-classicality effect is more pronounced when ¢ is

(b)

Fig. 7 The Wigner function as a function of (x, y), where j =1,{ =5,ag=4,bg=5
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odd. The spreading of Wigner over the S-plane is shown as g increases. For the parameter
q even, we can see the W () function is almost positive and has Gaussian central peak. We
can see in general when g is even W (B) function has upward peak with origin, while it has
downward peak when ¢ is odd at the origin. As shown in Fig. 7 the oscillatory behavior is
clear for large values of g.

On the other hand, the Q function is positive definite for every point in the phase space.
The Q function for a single mode field can be written in a more compact form as

1
)= ;(ﬂlﬁlﬂ) (25)

where |8) is a coherent state. The function Q(8) has been constructed in homodyne exper-
iments [47-49]. By considering the properties of Q-function, the interference effects and
photon number distribution in phase space can be illustrated [54].

For that purpose we consider the two-mode Q-function in the form

1
Q(CY, /3)=F|<av .B|§aQ)|27 (26)

where «, 8 € C and |, B) = |a)|B), with |«) and |8) the usual coherent states. Generally
there are four variables associated with the real and imaginary parts of «, 8. For visualization
let us confine ourselves to a subspace determined by o = g [56]. It is obtained from (24) by
written (s = 1). In that subspace the Q-function for the state (7) is calculated to be

expl— 2(x ) gt
- 2 q/Z

o= S Jgien+ )

©2))

where x = Re(«) and y = Im(«). We can write the effective function as a function of r =

\/m on the form Q(x, y) = A,,; f(r) where
f(r) =r*exp[—2r?]. (28)

The maximization or minimization depend on the parameter g. When ¢ = 0 there exists
unique maximum value at r = 0. For ¢ > 0 there exists maxima at r = \/g and minima at
r=0.

We present in Fig. 8 the function f () for different values for ¢g. We find that when g =0
the function Q(r) for the state |¢, 0) has one peak centered at r = 0, as shown in Fig. 8(a)

Fig. 8 The Q-function Q(x, y) as a functionof r,ag=0,bg=5
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and the distribution is almost Gaussian for the vacuum state. For the |¢, 5), the shape of the
function is sensitive to changes in g (Fig. 8(b)) where the state |¢, g) is the most effective
state and contribution is the mainly effective one where a crater is apparent in the center.
However, if we increase g the crater-like at the center spreads out in the phase space and the
diameter increases as the ¢ increases as shown in Fig. 8(b).

6 Conclusion

In this paper we have introduced a new class of nonclassical states, which are referred as
superposition of finite dimensional pair coherent states. Mathematically, these states are

. . O +gpt
simultaneous eigenstates of the operator (a'b + %

relative occupation numbers of the two modes. Physically, these states can be produced by
processes in which there is a strong competition between a two mode parametric conversion.
The state appears when the system reaches a stationary regime in the long-time limit of
the competition [24, 25]. We have considered some statistical properties of these states. For
example, we have considered the Glauber second-order correlation function g® (|¢|), which
shows that the states at j = 0 is partially nonclassical for large values of the parameter g
with respect to the first mode but for the second is fully nonclassical for a short range of |¢|
for any values of ¢. The violation of Cauchy—Schwarz inequalities has been studied in detail.
We found the violation depends sensitively on j (j =0, 1), and the parameter ¢. The phase
properties distribution in the Pegg—Barnett approach applied to such states showed that it
has a central peak and two wings. We have obtained the formulae for the s-parameterized
CF for such state. The interference behavior in phase space for the Wigner function has
been shown. Nonclassical signatures for the state (7) have been observed from negativity
of Wigner function. Finally the Q-function for some parameters is presented analytically
and numerically. We found that both of them are greatly effected with any variation in the
parameter ¢ and the parameter ¢.

)2 and the operators that give the
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